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Abstract

The article illustrates the interpolation techniques
based on the “moving window Shannon reconstruction”
(MWSR) and demonstrates its performance in real and
Fourier domain. Interpolationinreciprocal domainisrelevant
to tomographic reconstructions via direct Fourier methods
(DFM). With these techniques, a structure isreconstructed
by interpolating itsFT coefficientsin Cartesian coordinates
from the transforms of projections, and by inverting the
result to real space. Although the samples are not equally
spaced according to Euclidean metric, the MWSR can be
used provided that an invertible transformation existswhich
maps the sampling points in a new coordinate system in
which they are evenly distributed. These coordinate
transformationsareillustrated for the polar geometry of X-
ray tomography and for el ectron tomography with random
conical tilt. DFM and convoluted back-projection are
compared on the basis of quantitative parameters.
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Introduction

Insignal and image processing aswell asin tomog-
raphy and in many other computer-based sciences,
functionswhich are assumed to be continuous are measured
and stored in a sampled form. Thus, numeric elaborations
deal with huge arrays of numbers spanning one- or multi-
dimensional spaces. An ubiquitous task consists of
retrieving the value of a function in points that have not
been actually measured. Apart from special circumstances,
thisproblem cannot be solved exactly: “itisjust thisarbitrary
division of continuum into discontinuous units that gives
rise to a large proportion of errors’ (L. Tolstoj, War and
Peace, I11, 3, 1).

The process of retrieving unknown values from
known ones is called interpolation or resampling or even
“reconstruction” (e.g., Wolberg, 1990), though scientists
working in tomography would prefer the latter term to be
reserved for the process of obtaining a function from its
projections. A number of algorithms can be used to
accomplish the task; the accuracy of the retrieved values
dependson the algorithm used, onthetypefunctioninvolved
and on the layout of samples.

Available methods bel ong to two main classes, based
either on polynomials or on harmonic functions. The first
classadopts spline-typefunctions (Hou and Andrews, 1978)
and comprises the nearest-neighbor approximation and the
linear interpolation which may be considered asazero- and
first order splines. A spline interpolation is based on the
Taylor series expansion (e.g., Unser et al., 1995) and the
function recovered is a piece wise polynomial, continuous
with continuous derivatives up to the spline order. Fractional
errors are proportional to d", where d is the distance from
the nearest origina sample and n the spline order. One
important advantage of splines is that the function does
not need to be sampled with constant rate and this makesit
possibleto obtain an even distribution from uneven spaced
samples(e.g., Tosoni et al., 1995).

Interpolation with harmonic functions is based on
the sampling theorem (Shannon, 1949) and isoften referred
to as* Shannon reconstruction”. In theory, under a number
of assumptions, this technique is able to recover exactly
the function from equally spaced samples. In spite of this
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attractive property, a rigorous Shannon reconstruction is
never performed, even for one-dimensional (1D) functions,
because of its prohibitive computation cost. However,
interpolationswith high-order splinesmay a so bedifficult
to implement and time consuming.

We have recently introduced some innovations in
the Shannon reconstruction, in an algorithm that we call
“moving window Shannon reconstruction” (MWSR). The
method is suitable for the case of functions sampled with
constant rate and yields outstanding results as far as
accuracy is concerned. (Lanzavecchia and Bellon, 1994,
1995). In this paper we shall briefly introduce the Shannon
theorem, its application to finite intervals, and the MWSR.
Subsequently, we will illustrate some results, obtained in
real domain, in removing the relative distortions from
equivaent imagesor cell sections. In our implementation of
distortion removal, interpolation is used iteratively on the
same image; the process is shortly discussed here to show
that a function can be resampled a number of times with
MWSR without significant loss of power up to a
predetermined frequency. Concerning tomography, we will
illustrate and discuss the use of MWSR in “Direct Fourier
Methods” (DFM) of reconstruction. A DFM consists of
recovering the n-dimensional Fourier transform (FT) of a
function from (n-1)-dimensional FT of itsprojections. The
latter provideasampling of thefunction FT inagiven coordi-
nate system which is to be converted into Cartesian
coordinates. Resampling in Fourier spaceis often regarded
as a cumbersome task, both because of the peculiarity of
datain the frequency domain and of the layout of samples
(Lewitt, 1983). Actually, conversion from a system of
coordinates to another in the Fourier domain isthe crux of
DFM, though theinherent accuracy of MWSR can overcome
all problemsand yield extremely accurate results.

TheShannon Reconstruction

According to Shannon’s theorem, a band-limited
function f can be exactly reconstructed in its continuous
domain from aninfinite number of discrete samples, equally
spaced. If w_isthe maximum frequency component of f, the
distance 6 between the samples must satisfy the condition:

0 <Tw,_. According to this hypothesis, the reconstruction

equation is:
sfr(3]

S8

The value w/mis called the Nyquist sampling rate,
and isjust below the minimum rate required to detect the
component w_. Equation (1) represents a discrete
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convolution between f and an interpolating sinc kernel: sin
(MX)/TX.

Equation (1) is of great theoretical importance but
cannot be used as such. If the number of samplesisfinite,
then the seriesistruncated. Thisisequivalent to assuming
fto bezero out of the sampling interval, an assumption that
contradictsthe hypothesis. aspace limited function cannot
be band-limited, apart fromthetrivial caseof f=0.

The approximation introduced by the fact that the
number of samplesisfinite can be eliminated if thefunction
isconsidered to be periodic along thereal axis, with aperiod
equal to the sampling interval. This hypothesis is
automatically implied in most Fourier analyses. Under this
assumption and for an odd number of samples, a
reconstruction function can be obtained with use of the
“Fourier serieskernel” (Papoulis, 1962):

i sl nere (5 1]
(]

Asistruefor Equation (1), thisisadiscrete convo-
Iution of the sampleswith an interpolating kernel. Papoulis
(1966) has shown that, under certain hypotheses, afunction
can be reconstructed from its N samples by convolution
with many different interpol ating kernels. For an even number
of samples, Yuen and Fraser (1979) have derived the
following reconstruction equation:

SHe e[ |
el ]

We have recently shown (Lanzavecchiaand Bellon,
1995) that the reconstructing functions ¢ and ¢ are members
of afamily:

N-1

0= f

=0

@
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where Aisevenfor N odd and vice versa. Equations (2) and
(3) correspond to ¢ and ¢ respectively. Someinterpolating
kernels k* are drawn in Figure 1 for an interval with 32
samples.

Equation (4) appliesrigorously only if fisatrigono-
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Figure 1. The shape of someinterpolating kernelskA(x)=(sin Nx/sin x)(cosx)* in the period [-11,11 . Kernelswith even and odd
Aaredrawn for intervals sampled in 31 and 32 points, respectively.

metric polynomial whose finite degree is lower than the
maximum observable frequency dictated by the sampling
rate.

Since periodicity is assumed, the validity of this
hypothesis depends upon f, and the choice of the sampling
interval isimportant.

The conditionswhich fully justify the application of
Equation (4) are seldom verified so that ¢* generally
represents an approximation to f, though more correct than
that obtained by truncating Equation (1). In any event, if N
islarge, convolutionsof thetype shown aboverequirelong
computation times. If the summations of Equations (2) and
(3) are drastically limited to a small window of samples
around the point to be interpolated, the results are worse
than those obtained with spline algorithms (Hou and
Andrews, 1978) and this is true also with all kernels
represented in Equation (4). Truncated reconstructions are
inaccurate because the kernels keep oscillating even very
far from the short window interval.

TheMoving Window Shannon Reconstruction

Until now we have formulated a family of recon-
struction equations which perform a discrete convolution
of all samples with the interpolating kernel. The ssimple
innovation of MWSR consists of regarding asmall window
of n points (n<<N), moving along the sampling interval, as
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an entire sampling interval in which the convolution is
performed. The center of the window is positioned on the
valueto beresampled. Let anindex mlabel thefirst sample
within the window; m is displaced by about n/2 from the
point to be reconstructed. With this notation the
reconstruction equation becomes:

The suffix nis now attached to ¢ to highlight the
window width. In this way the number of convoluting
coefficients can be lowered almost at wish, without
truncation; theinterpolating kernel ismodified and adjusted
to match the width of the moving window.

Assuming the window to be a complete sampling
interval isequivalent to saying that the functionis periodic
with a period equal to the moving window. Thus, @* is
equal tof only if thelatter isafinitetrigonometric polynomial
inevery sub-interval of width n, acondition whichisseldom
fulfilled. Thisrough approximation isthe source of errors,
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Figure 2. Thetest function shownin (a), sampled in 1024 points, is obtained by inverting a FT with unit moduli and random
phases up to the maximum observabl e frequency (511); (b) amplitude spectraof thetest signal shifted by half asamplewith
MWSR and two different kernels, with linear interpolation (LI) and cubic spline (CS); (c) same results with the Shannon
reconstruction of Equation (4), truncated to 9, 11 and 15 samples.

because of the spectral aliasing originating from the
discontinuities at the opposite borders of the window. In
this connection, the shape of the kernel, whose period
matches the width of the window, becomesimportant. ASA
increases, the kernels of Equation (4) strongly dampen near
the borders of the window as shown in Figure 1. Kernels
with severe dampen underwei ght the samples at the borders
and limit the presence of alias components.

The performance of the MWSR can be quantitative-
ly assessed either in Fourier or inreal domain. Intheformer
case, all samples of a function with a known spectral
response are shifted by a fractional amount and the shift-
independent spectrum is compared with the original. For a
comparison in real domain it is convenient to shift the
function twice, back and forth, so that the result is directly
comparablewith theoriginal. Functionsappropriatefor these
tests can be obtained by inverting 1D transforms with all
moduli set to one, up to aprescribed frequency, and setting
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phases at random. One of them, computed on 1024 samples
with unit moduli up to the Nyquist frequency (511) isshown
in Figure 2a; though reminiscent of white noise, thisfunction
has aperiod matching the samplinginterval and wraparound
properties so that a Shannon reconstruction based on all
samples would reconstruct the function exactly whereas a
MWSR does so only approximately. The shift test based on
the spectral response has been performed by interpolating
the function at every middle points between two original
samples and by computing the spectrum of theresult. If the
resampling is repeated in the opposite direction, then the
final array becomes comparablewith the original oneinthe
real domain. Spectral comparisons are reported in Figures
2b and 2c and errors are shown in Table 1 for different
functions and different kernels.

Switching from 1D to two-dimensiona (2D) interpo-
lation, a 2D implementation of Equation (5) is straight-
forward:
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Table 1. Maximum absolute error (MAE) and root mean
squaredeviation (rmsd) in % of the dynamic range, obtained
in a double shift (forth and back by half a sample) of the
function of Figure 2a. Shifts are performed with
interpol ations based on atruncation of Equation (4), onthe
MWSR and different kernels, or on cubic spline (CS) and
linear interpolation (L1).

algorithm IMaximum component
frequency {1024 samples)
384 (759%) | 256 (50 %)
MAE | rmsd | MAFE | rmad
2
Proume 9 9.1 24 53 1.7
P 19 | 06 | 03 | 01
O o1 | 53| 18 | 47 | L6
(‘Plzl 0.a 0.3 0.z 0.1
4
e 15 .0 1.5 38 1.1
Lpi"S 0.a 0.2 003 | 002
(D 6.7 2.2 0.9 0.3
LL 253 76 14.1 38
-1 6+n-1 ' . . .
Alx )_imm < (i) sin[r{x- j)] , sin[ry-i]
(pn 'y ) J |
n j=m i=( n n

o]

The time spent in computing transcendental coefficients
might be prohibitive, even with small windows. In our
implementations of the MWSR, the coefficients are stored
in alook-up table (Lanzavecchia and Bellon, 1994). The
window of n? samples used in Equation (6) requires two
sets of n different values. Each set depends upon the
distance of the x or y coordinate from the left nearest j or
from the bottom nearest i indices. Thesefractional distances,
multiplied by the number of pages of thetableand converted
to integers, address the positions in which the two sets are
stored.
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Applicationsto Real Domain

Electron tomography with single axis tilting fre-
quently dealswith 2D crystalline arrays. Thelarge number
of repeating units contained within a single micrograph is
the key for low-dose, high resolution studies of
macromolecular assemblies (e.g., Henderson et al., 1990;
Jap et al., 1991). Thisresolution is achieved by combined
use of images and electron diffraction patterns and of
techniques designed to suppress crystal disorder
(Henderson et al., 1986). The refinement of strategies to
detect and remove lattice distortion seemsto be continuing
(Saxton et al., 1992). Crystal imperfections are detected and
resampling schemes are adopted to obtain regular crystal
portions, suitable for spectral analysis and tomography.
Most often, sophisticated unwarping approaches are based
on linear interpolation.

The problem of warping is encountered in morpho-
logica studies of large and complex organelles such as
flagellaand cilia. These can be sectioned and portrayed in
the electron microscope (EM) to obtain sets of equivalent
images, though distorted with respect to each other. If
distortions are removed, then a number of sections can be
averaged to get “restored” imageswith improved signal-to-
noise (S/N) ratio (Bellon and Lanzavecchia, 1992). To
accomplishthis, imageswith different dllipticity are stretched
to a circular shape and rotated; at this point relative
distortions can be detected and eliminated by further
resampling steps. Certain sections show arraysof organelles
or parts of them (e.g., Lanzavecchiaet al., 1991) which, in
spite of an evident crystalline order, are distorted to such
an extent that restoring them by filtration of non-periodic
componentswould make no sense. With large and complex
structures, such as flagellar doublets or entire axonemes,
the process of removing distortionsto finer and finer levels
may require 4 or 5 iterations. Suppose that this iterated
process is done with linear interpolation which, in 1D
resampling, cuts 10% of the amplitude of spectral
componentsat about 0.3 timesthe maximum frequency. After
n 2D interpolations those amplitudes will be reduced by a
factor of 0.9%". Iterated resampling without power loss is
possible if the interpolation algorithm ensures the
preservation of all spectral amplitudes up to the highest
significant component of the pattern. In the first attempts
to improve the results of Fourier filtering of biological 2D
crystals by resampling (Crowther and Sleytr, 1977), the
authors were disappointed by the lack of significant band-
passimprovement. Most probably, linear interpol ation was
the reason for such unsatisfactory results.

We have shown (Bellon and Lanzavecchia, 1992)
that it is possible to iterate quite afew resampling stepsin
distorted crystalline arrays using the MWSR. The
improvement obtained can be appreciated by comparing
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Figure 3. Amplitude spectra of a periodic array of cilia
(section of a Ctenophore macrocilium), before and after
distortion removal. In spite of remarkable periodicity, the
2D crystal is distorted as evidenced by the severe
broadening of spectrum (a). The spectrum shown in (b) is
obtained with four iterations of a process of distortion
removal. Peaks are much sharper and high frequency
components, not observablein (a), arewell preservedinthe
resampling iterations.

thetwo amplitude spectraof Figures3aand 3b. The pattern
analyzed, not shown here, was a section of amacro-cilium
of a Ctenophore with a cell edge of about 300 nm. The
spectrum in Figure 3b, not filtered, was obtained after a
four-fold resampling. The comparison of the two spectra
explain why we call this iterated resampling a “power
harvesting” algorithm.
Non Euclidean sampling

We have aready shown in Equation (1) how aband
limited function f(x) can be recovered from a set of evenly
spaced samples{xj:j 0}. Consider now a set of not equally
spaced sampl&s{xj}; according to Clark et al. (1985), if a
transformation y(x) = T exists, such that y(xj):jé, a new
function h(t)=h(y(x)) = f(x) is available. The function h

160

comesout to beevenly sampledint, sinceh(j 6):f(xj); if h(t)
isband-limited, Equation (1) can be applied to reconstruct
it, and therefore to reconstruct f:

\sm[n' (V(ESX) Jﬂ

f()=hly(x)= 3"  (x) n,(V(X)-jj
5

+ o0

@)

j=-00

The conditions which make the reconstruction of
Equation (7) exact are discussed in the paper by Clark et al.
(1985); briefly, both f and h should be band-limited and an
invertibletransformation should exist. If thisisnot strictly
valid, Equation (7) represents only an approximation. Inthe
sameway as Equation (7) isderived from Equation (1), the
equivalent of Equations (2)-(5) may be obtained. If the
MWSR isadopted, then the damping of the kernel isuseful
to reduce aliasing effects. It should be noted that the
argument of the kernel in Equation (7) depends upon y(X)
rather than upon x; this implies that the distance between
the point to be reconstructed and the original samplesof fis
to be measured according to ametric corrected by thetrans-
formation. Thesedistancesare usually different with respect
to the metric of the original space.

A polar raster isatypical sampling grid inwhichthe
points are lying at uneven Euclidean intervals, though
equally spacedinr and 6. Thetransformation of coordinates
from Cartesian to polar is the invertible mapping which
connects the two samplings.

TheMWSR in DFM Tomogr aphic Reconstructions

A function can be reconstructed from projections
provided that their number is high enough and that the
projecting directions are well distributed (e.g., Hoppe and
Hegerl, 1980; Radermacher, 1988). This distribution of
projecting directions has a counterpart in reciprocal space,
since the FTs of projections are central sections of the
function transform. In three dimensions, the transform of
the function to be reconstructed is sampled by a set of 2D
transforms and this offers the possibility to resample the
overall transformin Cartesian coordinates and to obtain the
reconstruction by a simple Fourier inversion. This kind of
processiscalled a“direct Fourier method” (DFM).

With regard to resampling, reciprocal space is
perfectly equivalent to direct space. The Fourier transform
operator maps functionsfrom L?([1) to L?([1), so that both
the original function and its transform belong the same
Hilbert space (Plancharel theorem, seg, e.g., Rudin, 1974).
Thus, the Shannon criterion, validin real domain, appliesto
reciprocal domain aswell. Furthermore, for afunction with
finite support, the rel ationship between the discrete Fourier
series, computed with respect to the support, and the
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continuous transform is such that the coefficients of the
former represent adiscrete sampling of thelatter (Brigham,
1974). In order to use the Shannon reconstruction, the band
extension of thetransform must befinite; adifficulty might
arisein the correct evaluation of this extension.

The Radon theorem requires the projections to be
collected from an isolated object, that is, from a function
with compact support. Thishypothesisagreeswith theidea
of sampling the overall transform of the object by central
sections, that is, by the discrete transforms of finite
projections. Clearly, the tomographi ¢ reconstructionisexact
if the type of sampling in Fourier space is adequate to the
band-pass of the FT of the object, i.e, if it satisfies the
Shannon criterion.

DFM inX-rayCT

All clinical imagery produced by X-ray CT is
obtained with convol uted back-projection methods (CBPM),
though DFM algorithms have been suggested (Stark et al.,
1981; Peng and Stark, 1987; Matej and Bgjla, 1990). Clinical
X-ray CT isa 2D problem in which the transforms of 1D
projections represent a polar sampling of the 2D FT to be
recovered and inverted. Theresampling performedinaDFM
is therefore a conversion from polar to Cartesian
coordinates.

X-ray scanners use a fan-beam geometry because
the photonsimpinging on the array of detectors come from
apoint source. Thus, two distinct resampling processesare
needed. In afirst step (the rebinning) experimental dataare
converted by interpolationto the parallel geometry of Radon
transform (Rosenfeld and Kak, 1982). In the second, the
conversion of coordinates is carried out. Since X-ray CT
reconstructions require high resolution and quantitative
attenuation data, thefinitewidth of countershasto betaken
into account (Bellon and Lanzavecchia, 1997). Kernelsto
deconvolute this effect are designed on the basis of the
resolution required and of the particular tissue to be
examined. We have shown elsewhere that DFM
reconstructions with use of the MWSR in both resampling
steps are perfectly equivalent to those obtained by CBPM
on clinical instruments (Bellon and Lanzavecchia, 1995).
Figure 4 showsthe same high-resolution detail of inner ear
bones, obtained by DFM and CBPM; as one can seg, the
two images are indistinguishable.

It isworth mentioning that, on amodern workstation,
thereconstruction of aX-ray CT dicewith DFM runs35-55
times faster than with CBPM. In electron tomography, an
equivalent DFM can be used to reconstruct all slices
orthogonal to therotation axisin single axistilting geometry
(Lanzavecchiaet al., 1993).

Electr on tomogr aphy with random conical tilt.

Random conical tilt isan elegant method of electron
tomography which allows different projections of a
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Figure4. X-ray CT reconstructions of inner ear bones. No
differences are noticeable among image (a) (convoluted back
projection done by aclinical instrument) andimage (b) (direct
Fourier method with MWSR).

macromolecular assembly to be collected with minimum
radiation damage (Radermacher et al., 1987). The random
aspect of the method arisesfrom the fact that the azimuthal
angles @ of projections may assume any value. Since,
however, thereisaresolution limitin their evaluation, these
angles can be assumed to represent aset of discrete values,
separated by a constant amount intheinterval [0, 2m); the
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error can be thought of asan azimuthdl jitter with maximum
extent of A@/2. Based on thisassumption, we have proposed
aDFM approach which usesthe MWSR (Lanzavecchia et
al., 1993). The method, embedded in a package called
“SPAtial Reconstruction Kernel” (SPARK), consists of
recovering the 3D FT in Cartesian coordinatesfrom aset of
planar transforms (2D FT of projections) which are sampling
thereciprocal space as shown in Figure 5a.

The coefficients coming from 2D FT of al projec-
tions lie on a set of coronas, one of which is shown in
Figure5h. Inthisfigure, therowsof coefficientsaretangent
to the inner circle (section of the inner cone in Figure 5a)
confining the unexplored Fourier area. Each row of acorona
comesfromadifferent 2D FT andisidentified by an azimutha
angle @; the set of rows can obviously contain gaps
corresponding to missing projections. These gaps can be
filled asoriginally suggested in presenting SPARK, orina
different way (Lanzavecchia and Bellon, 1996). Let us
assume, for the present discussion, that the set of
projectionsis complete.

The complicated distribution of samplesin Figure
5b can be divided into two propeller-like distributions, one
of which is presented in Figure 5c. Either distribution
containsaset of sampleswhich areregularly spaced onthe
blades of apropeller and on concentric circles. Each point P
within a corona can be identified by its coordinates (¢,/),
the azimuthal angle of the projection and its position onthe
semi-chord, as shown in Figure 5d. Since P is found on
both propellers with different coordinates, two values of it
can be independently recovered. This holds true for all
points of the Cartesian grid enclosed within the corona,
which arerecoveredintwo copies. Inthefinal reconstruction
the two copies are eventually averaged; they can however
be used to perform phase agreement tests (Frank et al.,
1981) without dividing the set of projectionsinto two groups,
asisusually donewith CBPM (Radermacher, 1988).

The shape of the 2D moving window used in conical
tilt geometry is rather unusual as can be seen in the two
examples of Figure 6. In most cases, the grid of samples
used to reconstruct a point is enclosed within a mixed
polygon formed by two straight segments and two arcs;
pointswhich are near theinner circle of the corona, however,
areinterpolated in astarry polygon obtained by prolonging
to a small extent each blade on the opposite part of the
chords. Blades are prolonged to maintain the interpol ated
point in the center of the moving window (Lanzavecchia
and Bellon, 1996).

To obtain a quantitative evaluation of the perfor-
mance of DFM in this geometry, we have formulated some
phantoms made up of a number of Gaussian spheres;
heightsand half-hei ght widths of the Gaussian profileswere
assigned with random values. These phantoms were
projected analytically and reconstructionswere performed
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with SPARK and with our back-projection algorithm. The
transformsrecovered by SPARK and those computed from
CBPM reconstructionswere compared with the transforms
of the origina phantom, by considering the differencesin
moduli and phases of coefficients, with the obvious
exclusion of those within the missing cone of the
reconstructions. Table 2 shows the results, based on the
following statistical indices(e.g., Giacovazzo, 1992):

R= 2l Felke | Foll

x100
ZIFcl
. 2
R,:\/z<|pc|-k IFol)’ 100 ®
2| Fef

x 100

. 2
R,:\/z<|pc|-k IFel)
2| Fdl

where F_ are the coefficients of the FT computed from the
phantom and F are those recovered by the reconstruction.
Phase agreement wastested with anindex P, amost identical
to the “ Fourier ring phase residual” proposed by van Heel
(1987):

P= Z|Fc ° ch' CDO|
Y|Fd
where®_and @ , inradians, arethe phaseanglesin original
and in recovered Fourier coefficients.
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Discussion and Concluding Remarks
Band-passpropertiesof MWSR

All interpolation algorithms behave as low-pass
filters, with the exception of the complete Shannon
reconstructions of functions which satisfy the conditions
mentioned above. Inthe MWSR, the few samples enclosed
within thewindow, usually from 6 to 16 depending upon the
required accuracy, are regarded as a complete sampling
interval. It isimportant to establish, for the small sampling
interval, the maximum frequency transmitted without
attenuation if al hypotheses under which the MWSR is
adopted are verified. Though these conditions cannot
generally bevalid, the damping properties of interpolating
kernels will suppress most aliasing errors. A MWSR is
expected to attenuate, within the small sub-interval of the
window, al frequencies higher than M=(n-A-1)/2, n being
the window width and A the exponent of the cosine
expression in Equation (5) (Lanzavecchiaand Bellon, 1995).
Intheory, akernel encompassing 16 sampleswith A=3 will
attenuate all components higher than 6. For an entire
sampling interval, the maximum frequency transmitted
without attenuation is equal to MN/n, the latter term being
thenumber of timesthewindow iscontained in the complete
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Figure5. Conical tilt geometry inthe Fourier domain: the resampling process. (a) Lay out of central sectionsinthe3D FT; a
disk orthogonal to the cone axis cutsthe sections. The central section at left (2D FT of aprojection) showsthe Cartesian array
of discrete Fourier coefficients. The horizontal sampling rateistwicethe vertical; thisis obtained by appropriate padding of
projections. Theintersecting disk in (a) contains the annulus of samples shown in (b); the coefficients of central sectionslie
on chords of the outer circle, tangent to theinner one. (c) the system of chordsisdivided into two propeller-like sets of blades
(only oneisshown). Each propeller isregarded as a coordinate system (¢,) in which the experimental coefficientsrepresent
an equispaced set of samples. (d) apoint P of the portion of Cartesian grid enclosed by the annulusis described by two sets

of coordinates (¢,9,),(¢,®,), one for each set of blades.
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Figure 6. Different shapes of the 2D moving window in
conical tilt geometry. The experimental samples on the
annulus of Figure 5 are equally spaced in the (¢,¢) system,
not soinan Euclidean metric. (a) if the point being resampled
isinternal to the annulus, the moving window has aconvex
shape. Near the inner border of the annulus, the blades are
prolonged abit, to maintain the point to be resampled inthe
center of the window which has the starry shape shownin

(0).

interval (Lanzavecchiaand Bellon, 1994). Thus, ¢, %, used
ina64-pointsinterval isable, intheory, to pass unattenuated
frequenciesupto 24, or 75% the Nyquist frequency for this
number of samples.

This band-pass criterion is quite useful in choosing
the kernels appropriate for a particular task. Iterated
resampling, for instance, is possible if one uses a kernel
which transfers unattenuated components just beyond the
maximum frequency present intheimage. Sincethismaximum
cannot be easily established, @, could be the appropriate
choice. In X-ray CT, a function @, * is adequate to
reconstruct the high resol ution images of Figure 4 whereas
3D electron tomographic reconstructions of phantoms and
of real structures are done in our laboratory with function
@,.". This accurate kernel is used “ad abundantiam”
because the set of coefficients to be interpolated is fairly
small (usually the reconstructed volume spans 64° voxels)
if compared with that required inan X-ray CT reconstruction.

DFM vs. CBPM in eectron tomography

Convoluted back-projection is a “robust” method
to get reconstructions. Compared with DFM, its main
advantage is that equispaced viewing angles are not
reguired and gaps can be present, though projections need
to bereasonably well distributed in space. Conversely, DFM

164

needs angular directions evenly spaced and complete
projection sets. However, a non regular distribution of
projecting angles is amenable to a regular one with jitter
errors. Moreover, angular gapscan befilled (Lanzavecchia
and Bellon, 1996) by exploiting the nice properties of aset
of projections ordered with regularly increasing azimuthal
angles. Thisordered set can be used to build up a3D matrix
in which the two fastest indices span the x and y axes of
each projection and the third one spans the azimuthal axis
intheinterval [0, 2m). In the absence of noiseand if thereis
aprojectionfor each value of the azimuth, the 3D FT of the
matriX is zero within an elliptic cone whose axisliesaong
the slower index. In the presence of noise, or if some plane
of the matrix is zero because no projection is available at
that angle, the elliptic conewill exhibit non-zero components
which can be cancelled. Since the presence of signal inthe
cone implies a tomographic inconsistency of the ordered
set, zeroing the cone means cancelling the part of noise
which is not consistent with the projection process (“non
tomographic noise”, NTN). If some plane of the matrix is
empty, then some information will appear on it upon
inversion of the 3D transform. The process of zeroing the
cone can beiterated afew times on amatrix containing the
original projections plus what has appeared in the empty
planes. The processis akind of projection onto a convex
set (POCS) sequence of iteration in which the target is
represented by the Fourier transformed ordered set with
theelliptic cone containing zero. Four or fiveiterationsare
usually enough to recover with good accuracy all missing
projections (Lanzavecchiaand Bellon, 1996).

It seemsimportant to comparetheintrinsic accuracy
of CBPM and DFM, and this can be done in the conditions
which make the DFM rigorously valid. We have done this
comparison both for singleaxisand for conical tilt. A back-
projecting program written for this purpose needs no
weighting schemesto takeinto account arbitrary geometries
or uneven distributions of projecting directions (Harauz and
van Heel, 1986; Radermacher et al., 1987). Theramp-filter
shape was designed in real space to avoid the “dc-shift”,
an alteration of the mean value (Crawford, 1991). Sincethe
filter convolution is performed in Fourier space, the
performance of CBPM has al so been tested with padding of
projections to avoid artefacts arising from circular
convolution (Rosenfeld and Kak, 1982).

Three-dimensiona tomographictestswith singleaxis
geometry were carried out with the same phantoms used to
test DFM inconical tilt. Analytical projections of phantoms
were computed for theinterval [-T72, T72] to get acomplete
set of projections. Sets of thistype might be obtained, even
for entire organelles, on the high voltage EM (McEwen,
1992). The reconstructions by DFM were performed with
the same program used with conical tilt geometry (the tilt
angle 6 being 172). Four types of CBPM reconstructions
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Table 2. Reliability indices R, R and P obtained in reconstructions of phantom structures with convoluted back-projection
(CBPM) and direct Fourier method (DFM) for conical tilt- and single axis tilt geometry. Methods adopted for CBPM are
indicated in parentheses: L1 is for linear interpolation and PD for padding used in the convolution; if MWSR is used in
interpolation, the kernel is specified. Two types of data have been used in DFM reconstruction: projections separated by a
regular amount Ag (EQ) and, in conical tilt, projectionswhose angles are varied at random in theinterval +A@/2 (RND).

Al gerithan o cal Hilt Single ais it 360°

R R’ P time (3) R R’ P
CEFLI (LD 240 10.20 0.oz0 134 324 430 00122
CEFLI (LI PTN ¥ .50 10.10 nota 153 3.50 196 0.0047
ZEFLI I:Lpgzj .50 10.10 NN 313 313 3ED 0.0097
CEFLI I:Lpgz, FLN .00 10.00 0013 374 023 0oz 0.0010
DFMLIED, o1z 0.1z 0.001 15 0.09 0.o7 0.0007
DFLIENIN 3.05 208 0012 15

were carried out: with or without padding and with linear- or
MWSR interpolation. Theresults, interms of theindicesR,
R’ and P described above, are collected in Table 2. As one
can see, our DFM yields high accuracy results and CBPM
performs comparably provided that padding and MWSR
areused. Thus, the equivalence of DFM and CBPM, which
stand on acommon theoretical ground, isrigorously verified
in practice.

Table 2 reports a so the comparison among the two
methods for conical tilt (tilt angle 8=50°). As can be seen,
thefairly good agreement indicesfor CBPM reconstructions,
obtained with padding and MWSR, arefar fromthe extreme
accuracy of DFM asimplemented in SPARK. Though the
phase index P, the most significant one, shows good
agreement, the amplitudes of coefficients deviate
appreciably from analytical values. The reason for this
discrepancy is being investigated at present. Perhaps, the
type of indiceswe are adopting are the most convenient for
DFM; other indices, based on direct space (e.g., Herman,
1980), might yield morefavorableresultsfor CBPM.

Until now we have reported tests and agreement
indices based on equispaced projections. One could argue
that, with random conical tilt, errors will arise because the
azimuthal anglesare not rigorously equispaced (e.g., Frank,
1996). The effect of jittering azimuthal angles can betested
by computing analytical projections whose angles depart
from equispaced @ values by random amountsin the range
+A@/2. If a DFM reconstruction is done by assuming
jittering angles to be equispaced, the reliability indices
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obtained (seelast line of Table 2) still ook better than those
obtained via CBPM with equispaced projections.

All testsillustrated till now are based on noise-free
data; a problem still remains, concerning the behavior of
the algorithms in the presence of noise. CBPM is arobust
technique, and its widespread use in tomographic
experiments confirmsitsreliability in different conditions
as for the layout and the noise level of projections. DFM
need special geometries and this limits its dissemination
and the possibility of testing the algorithm in a number of
situations. As for the type of experiments presented here,
studies are in progress on noisy data sets of projections;
preliminary results indicate that differences exist in the
behavior of the two approaches; these differences tend to
vanish if the consistency of noisy sets of projection is
improved by filtering out non tomographic noise
(Lanzavecchiaand Bellon, 1996).

The opportunity offered by DFM in estimating
accurate Fourier amplitudes on a Cartesian grid is quite
useful in POCS applications. According to POCS theory
(Sezan and Stark, 1984; Carazo and Carrascosa, 1987; Carazo,
1992), a set of constraints can be iteratively imposed on a
reconstruction, tofill up the unexplored region of the Fourier
transform. “Value” and “ support” constraints are imposed
in real space whereas the “measurement” constraint, to
enforce the consistency of the POCS solution with known
projections is usually imposed in the reciprocal domain
(Frank, 1996). In singleaxisand conical tilt geometry, once
the reconstruction has been constrained in real space, itis
straightforward to impose the measurement constraint by
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restoring, initsFT, the accurate samples obtained with DFM.

Compared to CBPM, DFM isa*“flash” process. As
mentioned above, thisis true for DFM reconstructions of
X-ray CT dlices. For the 3D reconstructions of electron
tomography, we can quote the times used by the two
methods in reconstructing volumes of 64° voxels, with
conical tilt geometry and 128 projections. On our
workstation, DFM requires 15 seconds and CBPM, with
padding and MWSR, 350 seconds. These data show that
the reconstruction step with either methods is not as time
consuming as other tasks encountered in electron tomog-
raphy, such as the orientation of large sets of images, their
classification with multi-variate statistical analysisand the
final restoration with POCStechniques. Thefact that aDFM
reconstruction is obtained in a few seconds is, anyhow, a
nice aspect of the approach.

Concludingremarks

We haveillustrated above the outstanding behavior
of the moving window Shannon reconstruction in anumber
of applicationsinreal and Fourier domain. Itsextensiveuse
for quite afew years (Bellon and Lanzavecchia, 1990) has
allowed usto gain awide experiencewith it and to embed it
in a variety of different algorithms used in electron
microscopy (e.g., Lanzavecchiaet al., 1994).

The most interesting applications of thisinterpola-
tion is the accurate resampling required to convert one
coordinate system to another in Fourier domain. This
possibility might beimportant in other applications, different
from the problems of tomographic reconstruction, which
could be devised to cope with other problems. In this
connection, a fast DFM to obtain 2D and 3D Radon
transforms is in progress in our laboratory and the use of
the MWSR is being exploited in the Radon domain. The
possibility to resample accurately a function in different
domainsandin different coordinate systemsis, potentially,
of amuch wider use that we can foresee at present.
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Discussion with Reviewers

M. Radermacher: How does the algorithm perform, as
compared to others, when the angular sampling is
incomplete, i.e., some projectionsare missing?

Authors: For a DFM based on MWSR, the set of evenly
space projections must be complete; if gaps exist then they
must be filled, as briefly reported above, with use of the
strategy proposed elsewhere (Lanzavecchia and Bellon,
1996). In that paper, we show that even when as many as
25% of projections are missing, and noise is present, the
quality of the reconstruction does not change significantly
with respect to that obtained from acomplete set. However,
our experience with CBPM applied to uneven distribution
of projections and with the related weighting schemes is
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still limited; studies arein progress to compare the results
of reconstructions from incomplete sets and from sets in
which missing projections have been recovered.

For the problem of uneven sampling, a strategy we
are planning to explore consists of a mixed interpolation
scheme based on MWSR and splines, sinceit iscommonly
assumed that, in tomographic experiments, resampling the
angular direction isless critical than the radial one (Matej
and Bajla, 1990). In other words, it is possibleto design an
interpolation technique with MWSR in theradia direction
and with splines in the angular one. Cubic splines do not
need equally spaced data, so that gaps can simply be
regarded as regions of uneven sampling.

N. Bonnet: The problem of uneven sampling of the
projectionsintomographic reconstruction has been tackled
by several authorsincluding M. van Heel, M. Radermacher
(your references) and Boisset et al. (these proceedings).
Do you believe your interpolation method is also able to
cope with this problem and how does it compare with the
previous approaches (adapted filters and topological
selection)?
Authors. Our DFM approach in electron tomography is
limited until now to single axisand conical tilt geometries; a
bit of randomness can be managed as we point out in
answering to the question of M. Radermacher. For
completely random orientations of the projections, a
resampling scheme to obtain the Fourier transform in
Cartesian coordinates needs still be devised, though some
ideas are flying around in our lab (see comments to the
previous question). Adapted filters and algebraic
reconstructions seem, at the moment, the only way to cope
with the problem. A topological selection of projections
may be useful for simpler and faster reconstruction
algorithms, although aproper weighting schemewould alow
algebraic reconstruction to take advantage of the
information coming from the entire set of availableimages.
A DFM implementation of the reconstruction from
random projections would possess the advantage of
eliminating all approximations related to the choice of
weighting functions, which is somewhat arbitrary. The
slightly different weighting schemes proposed by
Radermacher (1988) and Harautz and van Heel (1986) limit
the support of the selected weighting function in reciprocal
space in order to speed up computations. Probably, these
approximations are good enough for the level of noisein
the micrographs and for the quality of the results expected.
A resampling scheme for a DFM with completely
random orientationsmight befeasiblein thefuture, by taking
advantage of a3D Radon inversion whose back-projection
implementation has been proposed by M. Radermacher
(these proceedings).
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N. Bonnet: In your paper, you claim that many image
processing techniques require to perform “ sophisticated”
interpolation rather then the “usual” linear or spline
interpolations. The advantage of your interpolation scheme
is demonstrated theoretically (study of transfer functions)
inFigure 2. Could you indicate some general figure of merit
for theimportance of theimprovement you expectin practical
situations? For instance, could you give the equivalent of
Figure4 whenlinear interpolationisused for thedirect Fourier
reconstruction, instead of MWSR.

Authors. Since the advent of X-ray CT, back-projection
algorithms have always been preferred to DFM, though the
latter technique was universally thought to be faster. The
reason isdueto anumber of artefactsin thereconstructions
such as rings, cambers and cross-shaped ripples, which
often appear in DFM images (e.g., Magnusson, 1993). These
artefacts are mostly caused by the poor performance of
linear interpolation in resampling very strong coefficients,
i.e., thelow frequency components. Intheimage presented
in Figure 4, artefacts introduced by linear interpolation
would not be evident since the wide dynamic range of the
reconstruction is compressed into 256 gray levels; this
compression is adopted as a standard in clinical
examinations of inner ear bones. Quite adifferent situation
is encountered in examining brain soft tissues. In these
reconstructions the radiologist’s attention is focused on
about 3-5% of the dynamic range, within which tiny
differences of contrast play a fundamental role in the
diagnosis. An image of this type, a head slice studied for
possible brain problems, is shown in Figure 7. The two
reconstructions shown there have been obtained with
MWSR (Fig. 7a) and linear interpolation (Fig. 7b). Thestrong
artefacts of linear interpolation clearly make the
reconstruction in Figure 7b nonsensical .

J.M. Carazo: Your point about the possibility of using two
estimations of each Fourier transform samplefor resolution
assessment is quite interesting, could you elaborate on it
further? How would it compare with the usual a priori
splitting of the projections?

Authors: A set of projections in conical tilt geometry
contains redundant information; thisis evident in Figure 5
if one considers how the 2D transform planesintersect one
another. With noisy data, this redundancy is useful for
averaging the information and obtaining an improvement
of the signal to noise ratio; thisis true for both DFM and
CBPM. Inour DFM, thisredundancy isexploited to perform
two independent resamplings of each point of the Cartesian
transform. Since each set of resampled coefficients yields
an independent reconstruction, the two reconstructed maps
can be compared to assesstheresolution limit. In principle,
thisisperfectly equivalent to anapriori split of projections
into two sets which are used in two independent
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Figure7. X ray CT reconstruction of a head section. Only
about 3% of the total dynamic range is shown in the 256
grey level of the representation, as required in clinical
diagnostics. Thisrangeis selected to highlight the contrast
within the brain tissue. Both images have been obtained by
DFM reconstruction. (a) Reconstruction obtained with
MWSR algorithm. (b) Reconstruction obtained with linear
interpolation. The strong artefacts in (b) make this image
completely useless.

reconstructions. The two strategies are equivalent if the
errors of the reconstruction processes are not taken into
account. Actually, the splitting of datalowersthe sampling
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ratein theangular direction of reciprocal space. With DFM,
this means that the probability of gaps increases and that
the quality of interpolation may beworse. With CBPM, the
lowered sampling rate impliesaweighting schemefar from
theanalytic one, which requiresequally spaced projections.
On the basis of the criterion that links the resolution to the
number of projections (Radermacher, 1988), it isclear that
reconstructions obtained from split data are expected to be
poorer, unlessthe number of availableimagesisvery high.
In contrast, the two reconstructions coming from the
independent resampling of a unique set of projections
behave, with respect to the resolution criterion, as the
reconstruction from the full set does.
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Fourier methods for tomographic reconstruction. Doctoral
Thesis, Linkdping Studies in Science and Technology.
Dissertation No 320. University of Linkdping, Sweden. pp
153-186.



